We develop the systematics for applying operators on Minkowski correlation functions to get the inflationary correlation functions. Simple structures and recursion relations are known for Minkowski correlation functions. Using the operator technique, various novel recursion relations for inflationary correlation functions are obtained.
I. INTRODUCTION
Despite the fact that the departures from a Gaussian probability distribution in the cosmic microwave background (CMB) and large scale structure (LSS) are small, primordial non-Gaussianities can play an important role in understanding the physics of inflation. From various shapes of non-Gaussianities, we can extract information about additional massive field contents during inflation [1] [2] [3] [4] [5] , the initial conditions for inflation [6] [7] [8] , the deviation from a standard kinetic term [9] and the shape of the inflaton potential during inflation [10, 11] . The simplest slow-roll inflation model predicts a non-vanishing non-Gaussianity which is suppressed by the slow-roll parameter [12] . However, general single field inflation [9] can give much larger three-point correlation functions, and even higher-point correlation functions [13, 14] . Thus studying the higherpoint correlation functions and the relations between them have become an important topic in the coming era of precision cosmology.
The basic technique for computing the correlation functions is the in-in formalism [15] (see also [16, 17] for reviews). The late time interacting vacuum states are evolved from an initial vacuum state using the evolution operator in the interaction picture. Equivalently, the formalism can be rewritten as the Schwinger-Keldysh formalism originally developed in [18] [19] [20] and later used in various aspects of physics [21] [22] [23] [24] and cosmology [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . See [35] for a self-contained introduction of the Schwinger-Keldysh formalism.
The computation of inflationary correlation functions are in general more tedious than the Minkowski correlation functions. There are two complications: the first one is that the time-dependence of the inflationary background makes the solution of the Klein-Gordon equation of the primordial curvature perturbation more involved than that of Minkowski. The other complication is due to the difference between time ordering, anti-time ordering and mixtures of them. In the SchwingerKeldysh formalism, there are four types of propagators and we have to add up the contributions from all of them. For a diagram with n vertices, there are in total 2 n contributions due to these different propagators. The first complication about more complicated mode function can be made simpler by extracting the time dependence of the inflationary background. It turns out that for any diagram of a correlation function in the de Sitter can be written as an differential operator acting on a diagram of a correlation function in the Minkowski space, both evaluated at τ = 0. This is inspired by the discussion in [5] that in de Sitter space, by acting a particular differential operator on a three-point function of a conformally coupled scalar, we obtain the three-point function for massless field. This type of method is widely used to relate correlation functions of different types, for example, people apply the operator technique to find a relation between correlation functions in the presence of different types of massive field (different masses and spins) in AdS [36] or dS [37] . Similarly, in [38] , relations between Minkowski correlation functions and de Sitter correlation functions are proposed.
In this article we improve the results of [38] in a few aspects. In [38] , for the time integrals with different time orderings, we were unable to extract a unique operator (except for a particular form of interaction). In this work, we use a trick of "deforming the internal momenta" and find that for a particular diagram D, regardless of the time orderings, we can write
where ζ and φ are massless scalars in de Sitter space and in Minkowski space, respectively, and O D is a differential operator associated to this diagram. In this expression, the internal momenta are deformed without being limited by momentum conservation. The deformation of the internal momentum looks constraining. However, as we will see later, the relation is powerful enough for deriving recursion relations, and one can take the momentum conserving limit after the whole procedure. We develope a more systematic way of extracting the operator O D compared to the previous work. Other than getting rid of the complication from the time dependence due to the inflationary background, the more important implication of the decomposition in (1) is that we can make use of the properties of the flat space correlation functions. In principle, for any relations for the flat space correlation function of the form
we can directly translate it into a relation for the corresponding inflationary correlation function by applying an appropriate operator:
where {k i } is the set of all momenta of the external legs of D and {l j } is the set of all momenta of the internal legs. One of the possible application is recursion relations. Even in the flat space, the computation gets more complicated when it goes to higher-points. Several useful recursion relations are developed in the context of scattering amplitudes. For example, the BCFW recursion relation [39] makes use of the simplicity of on-shell amplitudes and simplify the higher-point scattering amplitudes into lower ones by putting the internal propagators on-shell. Lots of efforts has been made to derive analogous recursion relations in the curved space. For instance, in [40, 41] , several recursion relations in AdS 4 are derived using ideas very similar to BCFW. In [38] , a recursion relation was derived by using recursion relations of the wave functions in the flat space [42] (quite remarkably, these recursion relations posses some geometrical interpretations and some deep physics concepts like Lorentz invariance and unitarity can automatically emerge from this picture [43, 44] .) and some relations between flat space correlation function and flat space wave function, finally a recursion relation in inflationary correlation functions were derived. The operator method developed in this work can serve as a more direct way for deriving recursion relations for inflationary correlation functions in de Sitter space from recursion relations for flat space correlation functions, which applies for general form of interactions. We first derived a recursion relation for flat space correlation functions following a similar derivation for recursion relations of the wave function in the flat space in [42] . Applying appropriate operators on these relations we finally obtain the desired recursion relations in de Sitter space. The article will be organized as follows: In Section. II, we review the the Schwinger-Keldysh diagrammatic rules for in-in correlation function calculation. In Section. III, we demonstrate the construction of the operator that transform the correlation function in the Minkowski space into de Sitter space. In Section. IV, we derive a recursion relation for tree diagrams in the massless scalar φ 3 theory in the Minkowski space. Then we will use the operators constructed in Section. V to obtain a recursion relation in de Sitter space for a massless scalar field with cubic interactions.
II. SCHWINGER-KELDYSH DIAGRAMMATIC RULES
In this section, we review the Schwinger-Keldysh diagramatic rules based on [35] and setup the conventions for the later sections. Since we are considering the correlation function in both the Minkowski background and the inflationary background. It is convenient to introduce it in a general FRW background
where τ is the conformal time and a(τ ) is the scale factor which equals to 1 for the Minkowski background and is −1/(Hτ ) for the inflationary background, where H ≡ȧ/a is the Hubble parameter (we will use dots to denote derivative with respect to t and prime for τ ). The conformal time is defined through dτ 2 = a 2 (t)dt 2 , so in the Minkowski background, the conformal time is equal to the physical time t, which ranges from −∞ to ∞. And in the inflationary background, τ ranges from −∞ to 0. Suppose we have a field theory defined by the action
where φ represents the field fluctuations, and L[φ, τ ] is the Lagrangian of the theory starting from quadratic order in the fluctuations. The canonical conjugate momentum π and the Hamiltonian are defined as
respectively.
In the canonical in-in formalism, the expectation value of the field fluctuations are defined through
where τ is the time of the slice we want to evaluate the correlation on, and τ 0 is the initial time. F (τ, τ 0 ) is the usual evolution operator in the interaction picture
andF (τ, τ 0 ) is its Hermitian conjugate, where T denotes time ordering operator and H I (τ ) is the Hamiltonian in the interaction picture.
In the Schwinger-Keldysh formalism, the expectation value (7) can be evaluated by inserting an identity operator 1 = α |O α O α | on the time slice at τ into the expectation value
Here we have inserted the identity operator on the left of all the field operators, but it turns out that the result will be the same even if we had inserted it into somewhere else. Now we have some in-out inner products in this expression, we can write them as path integrals. To do this we insert the complete eigenbasis 1 = φ(τi) |φ(τ i ) φ(τ i )| of the field operator and the complete eigenbasis 1 = π(τi) |π(τ i ) π(τ i )| of the conjugate momenta at each time slice τ i for both of the time-ordered and the anti time-ordered factors. After integrating out the conjugate momenta, one arrives at the following formula
where + and − indicates the time-ordered and anti time-ordered factors, respectively. We define the generating functional as
where J + (τ, x) and J − (τ, x) are sources for the scalar fields φ + (τ, x) and φ − (τ, x), respectively. The correlation function can be evaluated as
where a i = ±. To do perturbative calculations, we split the Lagrangian density into free part L 0 and interacting part L int as usual
so that the generating functional can be written as
Then we can compute the correlation functions order by order. There are four types of propagators and they are defined as
We refer this kind of propagators as the bulk propagators, or internal legs. Usually it is more convenient to work with the Fourier transformation of it
where
and u li are the mode functions of the fields. We will use these propagators with deformed momenta in this work, and impose the condition l 1 = l 2 = l 12 at the end.
If τ 2 is the time on the final time slice, τ 2 = τ f > τ 1 , the propagators are called the bulk-to-boundary propagators, or simply external legs. For this kind of propagators, we will not need the trick of "deforming the momenta" and we will have
If we use the perturbation theory to calculate the correlation functions, it is convenient to use diagrams to represent each terms in the perturbative expansion as in the usual quantum field theories. The rules for the diagrams are very similar to the usual Feynman rules in scalar field theories. We will emphasize the differences in this review.
For the external points, we will denote them using squares. Then for each vertex, we will differentiate them into two types: the plus-type and the minus-type, and we will denote them by black dots and white dots, respectively. Then the external leg will be represented as a line connecting two vertices, and the internal legs will be represented as a line connecting a vertex and an external point. Once we drawn the diagram, we can get an expression for the corresponding term in the perturbative expansion with the following rules:
For propagators,
For vertices of non-derivative coupling, e.g.,
For vertices with derivative coupling, we act the derivatives on the legs attached to the vertices: for spatial derivatives, we will get some factors of momentum, and for time derivatives we take the time derivatives of the propagators, e.g., for 
and for the diagram with a white dot instead of a black one, there is a minus sign in the expression. The sum of all diagrams gives us the expectation value with the overall momentum conserving delta function stripped off, i.e. the quantity
III. EXTRACTING OPERATORS FROM VERTICES
In this section, we consider general diagrams for the curvature perturbation ζ (whose mode function takes the form of a massless scalar field in dS space), with cubic interactions κ 3! aζ 3 and µ 2 aζ (∂ζ) 2 . Our goal is to construct an operator O D such that for a diagram D of ζ, it equals to that operator acting on the same diagram, but with a massless scalar φ on the Minkowski space with λ 3! φ 3 coupling,
and both n-point functions are evaluated at τ = 0. In this section we will introduce how can we get such an operator. And in appendix A, we will show that for each vertex there is a differential operator associated to it, independent of the ways of contractions, and whether the legs attached to the vertices being internal or external. Also, since we will take the momentum of the internal legs to be different at the two ends, and the operators associated to each vertex will only be depend on the momenta of the legs attached to it, the operators from each vertex will be independent and so they can commute with the propagators that are not attached to the relevant vertex. Therefore, we can pull these operators to the front of the whole diagram and get a complete operator that transform the diagram in flat space into the diagram in dS space. The result will be of the form
where the index i counts the vertices. Throughout this article, we will use G and u k to denote propagators and mode functions for massless scalar field in the Minkowski space, and in de Sitter space we use F and v k . The mode functions are the solutions of the equation of motion (the Klein-Gordon equation) in the Fourier space. In the Minkowski space, it is simply
and its solution is
The coefficient 1/ √ 2k is fixed by the usual normalization condition:
In de Sitter space, the equation of motion is
The solution is
The coefficient H/ √ 2k 3 is fixed by the condition:
In both dS and Minkowski space, we focus on the Bunch-Davis vacuum. For our formalism, we first strip those coefficients, i.e, we will write u k = e −ikτ and v k = (1 + ikτ )e −ikτ , which can be easily restored. Also we set the Hubble parameter to be H = 1 for convenience.
A. The Method for Extracting the Operators
Consider a general diagram D with the i-th vertex being a aζ 3 . The diagram will translate to the expression
where A means ai=± ( i a i ), dT denotes collectively all other time integrals, and V j , V k , V l are the factors due to the possible space or time derivative from the vertex at time τ j , τ k , τ l , respectively. The method we use is rather simple, but sometimes powerful: we replace every τ i in the integral by ±iK ∂ ∂K , where K is any one of the momenta attached to the vertex, i.e. l i , l i or l i . Since now we have a derivative with respect to the momenta, which is independent on time, we can pull this derivative out of the integral. Then we will see that the integral left is just the expression for exactly the same diagram we are considering, but is in the flat space with direct interaction. Now we illustrate how it works. From the above integral we can see that the quantity relevant to the aζ 3 vertex will be
and also its complex conjugate. Now we can replace the τ 
, which is associated to the φ 3 vertex in flat space. So the operator associated to the aζ 3 vertex is
This procedure can be done for any other kinds of interactions. For example, for the aζ (∂ζ) 2 vertex, we have
Then we replace (1 + il i τ i ) with 1 − l 1 ∂ ∂l 1 and (1 + il i τ i ) with 1 − l 1 ∂ ∂l 1 . So the operator associated to the aζ (∂ζ)
IV. A RECURSION RELATION FOR TREE-LEVEL CORRELATION FUNCTIONS IN THE MINKOWSKI SPACE A. A Simple Example: Exchange Diagram
We start with a simple example: consider the s-channel exchange diagram for a 4-point function with a massless φ 3 theory, evaluated at τ = 0,
The tree level diagram for 4-point function in φ 3 theory.
The grey dots are + or − type vertices. The contribution from this diagram is
the subscript s indicates this is the s-channel contribution only. The propagators are
We can also write the bulk propagator G ++ as
For G −− , we simply take the complex conjugate. This equality is in fact not exact: it is only true after we impose the condition l 1 = l 2 = l 12 , and before imposing it we will get step functions θ(l i τ i − l j τ j ) instead of θ(τ i − τ j ). However as long as there is no derivatives with respect to the l's, everything will be fine after we take l 1 = l 2 = l 12 .
Consider the first two terms in (36) . Performing the τ 1 integral, we get
which means that a 4-point function can be reduced to a sum of some 3-point functions (with appropriate weightings), if
as the magnitude of the momentum of an external leg in an unphysical 3-point function (since the momentum is not conserved in this 3-point function). For this reason, we will call thisk 12 from now on, while we leave the symbol k 12 for k 1 + k 2 . The third and forth terms in (36) simply give us the complex conjugate of (39). Finally we do the τ 2 integral and the result is
It is easy to check that it is the same as the result by directly integrating (36) . Notice that the three-point function with external momenta k 1 , k 2 and k 3 is φ k1 φ k2 φ k3 = −2λ/(k 1 + k 2 + k 3 ), so the equation above can also be written as
where |k 12 | =k 12 .
B. General Diagrams
The above recursion relation can be easily generalized to any tree-level diagrams. In fact, even if the diagram contains loops, we still have the same recursion for every vertices that have only one internal leg attached to it, and this process can be iterated until there are no such vertices left. To show this, we consider a general diagram D with n vertices, and consider one of such vertices. This diagram represents
where D ± is the value of D with the vertex at τ = τ 2 being + and −, respectively. Schematically,
where i≥2 G ai means the product of the external legs and
G aj a k means the product of the internal legs, and A = A−{a 1 }.
Then following the derivation as in (39), we have
where D ± (k) := dτ 2 e ±ikτ2 D ± is the value of the diagram with an external leg of momentum k attached to D ± . Then we can write
For diagrams without loops, if we iterate this process over and over, the correlation function can be reduced to a linear combination of 2 n three-point functions.
V. RECURSION RELATIONS IN DE SITTER SPACE
With the operators constructed in Section III, we can translate the recursion relation obtained in Section IV by applying the operators on the both sides of (45) . In this section, we demonstrate how to apply this method on the recursion relation of an exchange diagram in de Sitter space with κ 3! aζ 3 and µ 2 aζ ∂ζ∂ζ interactions.
Recall that for a four-point function, we have
One can also find the recursion relations for diagrams with both of these interactions, diagrams with more than two vertices, etc., and the procedures will be the same as above.
VI. CONCLUSION
We developed the systematic way of constructing operators that relate the inflationary correlation function with Minkowski correlation function. Given a diagram and the form of the vertices, the corresponding operator can be directly written down. This formalism improved the generality, clarity and simplicity compared to our previous one developed in [38] .
We also discussed the recursion relation directly at the correlation level. In our previous work, we first find a recursion relation between higher-point and lower-point about the wave function of the universe and then using the recursion relation between the wave function to obtain the recursion relation of the correlation function in flat spacetime. Afterwards, we use the operator method to obtain the recursion relation in de Sitter space. In contrast, here we found that by using a similar technique developed in [42] , we can actually find a recursion relation for the correlation function in flat space directly. By applying an appropriate operator, we can get the corresponding recursion relation in de Sitter space.
a. Three external legs
We first consider the case with all the legs attached to the vertex being external. This corresponds to the tree level bispectrum
In the last line we are just replacing −τ 
where dT denotes all other time integrals (including the scale factor a(τ i ) associated to that vertex), and V 2 comes from the possible space or time derivative from the vertex at time τ 2 , so V 2 could be 1, ∂ τ2 or ±il 2 . And without loss of generality, we have assumed the external lines attached to this vertex are k 1 and k 2 . The subscript D is used to distinguish the contribution of D from the full n-point function.
After evaluating the time derivatives, we may write 
where K is any one of the momenta attached to the vertex at time τ 1 . This equation can be understood as we have converted the part associated with the τ 1 vertex to Minkowski space. Similarly, if only one leg is external,
where l i and l j are the internal momenta associate to the i-th and the j-th vertices, respectively. k 1
FIG. 5:
The tree level diagram for one external leg.
d. No external legs
If there is no external legs V iFa1ai (l 1 , τ 1 ; l i , τ i )V jFa1aj (l 1 , τ 1 ; l j , τ j )V kFa1a k (l 1 , τ 1 ; l k , τ k ) · · · , (A7) where l i , l j and l k are the internal momenta associate to the i-th, j-th and k-th vertices, respectively. As mentioned before, the second derivative with respect to time will actually produce a contact term. So if any one of the V 2 , V 2 and V 2 is a time derivative, there will be a contact term. We will take care of it later. Now we can conclude that a aζ 3 vertex can be related to a φ 3 vertex in the flat spacetime by an operator of the form,
where k 1 , k 2 , k 3 are the momenta attached to the vertex and K is any one of the k i 's. Now we consider a general diagram with a aζ (∂ζ) 2 vertex. The cases with different numbers of external legs can be done similarly as the aζ 3 case. What is different from the aζ (∂ζ) 2 case is that the field associated to the internal line can be either ζ or ∂ζ. We will check that for these two cases, the differential operators extracted are of the same form. We will check with two of the legs from this vertex being external.
a. The field associated to the internal line is ζ
In this case we have
b. The field associated to the internal line is ∂ζ
(A12) We can see that the operator has the same form as the previous case, the only difference is k 2 ↔ l 1 .
So, aζ (∂ζ) 2 vertices can be related to φ 3 vertices in the flat spacetime by an operator of the form
